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ABSTRACT 
We prove that a finite local ring with one minimal left ideal is a QF-ring with one minimal right 
ideal, thus answering a question of Claasen and Goldbach in the negative. 
Claasen and Goldbach [2] posed the question: ‘Do there exist finite local rings 
with one minimal left ideal, but more than one minimal right ideal?’ They 
asked this question again in their recent paper [3], which was motivated by it as 
they observed. In this note, we answer their question in the negative and es- 
tablish the following result. 
Theorem 1. Let R be afinite local ring. If Soc(,R) is a minimal left ideal then R is 
a QF-ring and Soc(,R) = SOC(RR), which is a minimal right ideal. 
Throughout R is an associative ring with identity, J is the Jacobson radical of 
R, and modules are unitary R-modules. The length of a module M is denoted by 
c(M), and the cardinality of a set M is denoted by [MI, respectively. The termi- 
nology and notations of Anderson and Fuller [l] are freely used. 
We need the following lemma, which is hidden in the proof of [4, Proposi- 
tion 31. 
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Lemma 2. IfR is afinite local ring then c(~R) = c(RR) 
Proof. Since R is a local ring, R/J is the unique simple left (right) R-module, up 
to isomorphism. Let IR/JI = n. Then each simple left (right) R-module has n 
elements. If c(~R) = t then .’ = lRRl = (RI = IRRI. It follows that c(RR) = t = 
CW. 0 
Proof of Theorem 1. By Lemma 2, we first have c(~R) = c(RR). We also know 
from the proof of Lemma 2 that a left (right) R-module M is simple if and only 
if IA41 = n. Since Soc(,R) is a minimal left ideal, [Soc(,R)( = n. Hence the right 
ideal Soc(,R) is a minimal right ideal. Let RT be a simple left R-module. Since 
R T EZ R/J we have 
HomR(,T, RR) = HomR(,T, Soc(,R)) % HomR(R/J,Soc(,R)) 
” rsoc(,R)(J) = Soc(,R) 
where the two isomorphisms are right R-module isomorphisms. Hence, 
HomR(,T, RR) is a simple right R-module. By [5, Theorem 11.161, R is a QF- 
ring. It follows that SOC(RR) = Soc(,R), which is a minimal right ideal. 0 
In view of Theorem 1 we have just proved, it is natural to ask the question: ‘Do 
there exist finite local rings with n (n 2 2) minimal left ideals, but more than n 
minimal right ideals?’ Such examples, however, do exist. 
Example 3. Let R be the polynomial ring over n non-commutative variables 
x1,. . . ,x, over a finite field F, subject to the following conditions: xi = ~2x1 = 
.x: = x:xz = 0 and .Xi.Ti = 0 for i > 3 or j 2 3. Then R is a local ring with IF/“+’ 
elements and it is a (n + 3)-dimensional vector space over F with a basis 1, xi, 
x2, x:, X] x2, 13, . . . , x,. Moreover, R has n minimal left ideals 
Rx:, RXIXZ, Rx~, . and Rx, 
but it has n + 1 minimal right ideals 
xfR, XIX~R, .xzR, ,qR,. ., and x,R. 
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